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Zakharov-Kuznetsov equation
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Introduction to the ZK equation

Zakharov-Kuznetsov equation
Oeu+0x (Au+0u?) =0, w:lh xR — R A=0;+0;. (ZK)

Here, we consider d = 2. d = 3 : first physical derivation.
d =1: KdV, completely integrable.
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Conserved quantities (at least):

2
[ texnadr, m) = [ 20,
R2 R2 2

u X 2 u X 3
plute) - [ DU sy,

Operators that leave invariant the set of solutions u:
e Time translations: top € R, u > u(- — to,-,-).
@ Space translations: (xg, yo) € R?, u+ u(-,- — x0,- — ¥0)
@ Scaling: for A > 0, ur— uy = Au(A t, A x, A y).

3/11



Introduction to the ZK equation

Zakharov-Kuznetsov equation
Oeu+0x (Au+0u?) =0, w:lh xR — R A=0;+0;. (ZK)

Here, we consider d = 2. d = 3 : first physical derivation.
d =1: KdV, completely integrable. Explicit resolution

Conserved quantities (at least):

2
[ texnadr, m) = [ 20,
R2 R2 2

u X 2 u X 3
plute) - [ DU sy,

Operators that leave invariant the set of solutions u:
e Time translations: top € R, u > u(- — to,-,-).
@ Space translations: (xg, yo) € R?, u+ u(-,- — x0,- — ¥0)
@ Scaling: for A >0, u+— uy = Au()\%t, )\%x,)\%y).

3/11



Introduction to the ZK equation

Zakharov-Kuznetsov equation
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. . Solitary waves
Particular solutions y

Multi-solitary waves

Solitary waves of velocity ¢ > 0 and shift (xp, yo) € R? have the form
u(t,x,y) — Qc(x — ct — x0,y — y0), Qc — 0 when |(x,y)| = +o0.
(First direction with 0x).

In the previous form, Q. satisfies the following equation:

_CQC + AQC + Qg == 0

Existence of solutions (ground-state, (Weinstein 1985)); Q. > 0,
rotationnally invariant, radially decreasing, but...
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Multi-solitary waves

Solitary waves of velocity ¢ > 0 and shift (xp, yo) € R? have the form
u(t,x,y) — Qc(x — ct — xo0,¥ — ¥0), Qc — 0 when |(x,y)| — +o0.
(First direction with 0x).

In the previous form, Q. satisfies the following equation:

_CQC + AQC + Qg == 0

Existence of solutions (ground-state, (Weinstein 1985)); Q. > 0,
rotationnally invariant, radially decreasing, but... Not explicit!

1 1 . .
Q = Q1, Qc(x,y) = cQ(c2x,c2y). We have the existence of solitary
waves associated to every ground-states.
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. . Solit, es
Particular solutions

Multi-solitary waves

Behaviour at —oo (or +00): sum of decoupled solitary waves.
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. . Solitary waves
Particular solutions .

Multi-solitary waves

Behaviour at —oo (or +00): sum of decoupled solitary waves.

Theorem (V. 2021)

Let KeEN,0<c < -+ <ck, (Xl,yl), 00¢ (XK,yK) € R2. There
exists a unique multi-solitary wave u solution of ZK associated to the
previous velocities and shifts. More precisely, there exists Ty such that
u € C((—o0; To); HY) such that

=0.
H1

lim
t——00

K
u(t) = Qe - — it — X, — ¥i)
k=1
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Collision phenomenon
Stability

Description along the time Main result

KdV equation (Eckhaus and Schuur 1983)
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Collision phenomenon
Stability

Description along the time Main result

Collision phenomenon for the completely integrable KdV : just a
change of phase, no radiation term. + Solutions explicit.
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Collision phenomenon
Stability

Description along the time Main result

Collision phenomenon for the completely integrable KdV : just a
change of phase, no radiation term. + Solutions explicit.

o Elastic collision : if after the collisions, the two solitary waves
have the same sizes. Typical for completely integrable equations

e Otherwise, inelastic collision. For instance (Mizumachi 2003),
(Martel and Merle 2011), (Mufioz 2010); (Martel and Merle
2018) (wave equation)

For ZK, physical equation : what can we expect?
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Description along the time Main result
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Sketch of the collision of 2 solitary waves for ZK 2D
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Collision phenomenon

Stability

Description along the time Main result

What happens to a perturbed solitary wave?
@ 1 solitary wave is orbitally stable (de Bouard 1996)
@ 1 solitary wave is asymptotically stable (Céte, Mufioz, Pilod, and
Simpson 2016)
e Multi-solitary waves are orbitally stable (Céte, Mufioz, Pilod, and
Simpson 2016)
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Description along the time Main result

Next part: on the blackboard
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